Abstract: Advanced knowledge of the minimum capacitor value required for self-excitation of an induction generator is of practical interest. To find this capacitor value two nonlinear equations have to be solved. Different numerical methods for solving these equations are known from previous literature. However, these solutions involve some guessing in a trial-and-error procedure. In the paper a new simple and direct method is developed to find the capacitance requirement under R L load. Exact values are derived for the minimum capacitance required for self-excitation and the output frequencies under no-load, inductive and resistive loads. These calculated values can be used to predict theoretically the minimum value of the terminal capacitance required for selfexcitation. For stable operation C must be chosen to be slightly greater than Crnin. Furthermore, it is found that there is a speed threshold, below which no excitation is possible no matter what the capacitor value. This threshold is called the cutoff speed. Expressions for this speed under no-load and inductive load are also given.
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.ist of symbols

RS, R , , R
= p.u. per phase stator, rotor (referred to stator) and load resistance, respectively X h , Xb, X, X , = p.u. per phase stator leakage, rotor leakage (referred to stator), load and magnetising reactances (at base frequency), respectively = p.u. maximum saturated magnetising reactance = per phase terminal-excitation capacitance = p.u. per phase capacitive reactance (at base frequency) of the terminalexcitation capacitor = p.u. frequency and speed, respectively = base speed in rev/min = per phase base impedance In recent years, due to the increasing prices and depletion of conventional energy sources, interest in renewable energy resources such as wind and solar heating has intensified [l]. Owing to its many advantages, the selfexcited induction generator has emerged from among the known generators as a suitable candidate to be driven by wind power. Some of its advantages are small size and weight, robust construction, absence of separate source for excitation and reduced unit and maintenance cost [2] .
Beside its application as a generator, the principle of self-excitation can also be used in dynamic braking of a three-phase induction motor [3] . Therefore, methods to analyse the performance of such machines are of considerable practical interest. The terminal capacitance on such machines must have a minimum value so that selfexcitation is possible. An approximate expression for this value under no-load condition is derived in Reference 4. This approximation was based on some experimental observations. Uusually numerical methods are used to find this value for the general R L case. However, even in these numerical methods guessing is involved and no direct method, to the best of our knowledge, is known of finding this capacitor value. This paper introduces a new simple and direct method of finding the minimum capacitance required for selfexcitation, and exact values for the minimum capacitance under no-load, inductive and resistive loads are derived. Furthermore, it is shown that there is a speed threshold, below which no excitation is possible no matter what the capacitor value; this threshold will be called the cutoff speed of the machine. 
Steady-state circuit model
The per phase steady-state circuit of a self-excited induction generator under R L load is shown in Fig. 1 [4, 51. Here the machine core losses have been ignored. In fact, for minimum capacitance requirement, the machine must operate at the threshold of saturation. Therefore, ignoring such losses will result in no series errors in estimating Cmin [2] . All the circuit parameters, except X,, are assumed to be constant and unaffected by saturation.
Mathematical model
For the circuit shown in Fig. 1 , the loop equation for the current 1 can be written as
where Z is the net loop impedance given by Since under steady-state excitation 1 # 0, it follows from eqn. 1 that 2 = 0 or both real and imaginary parts of Z are zeros.
The real part yields
and the imaginary part yields
where ai, i = 1, 2, . . ., 5 and b i , i = 1, 2, ..., 7 are positive real constants given in Appendix 8.1.
Statement of the problem
For an induction generator to be self-excited, the machine has to operate in the saturated region. Therefore, for given speed and load, the terminal capacitor should have a value such that X, always lies in the saturated region. The magnetising reactance X, decreases with increasing saturation. Let X, , , be the maximum saturated reactance of the machine, which can be experimentally determined [4] . Even though the X , of the machine varies considerably with operating conditions (owing to saturation), the assumption of a single value X, , , in the analysis is acceptable, because the minimum feasible capacitor value is inevitably associated with the lowest magnetising KVAs and magnetising current, which in turn correspond to the maximum X , value. In practice, this X, value corresponds to an operating point very slightly above the linear part of the machine magnetising curve (where a stable operating point is just feasible), and hence X, , , will be very slightly less than the machines unsaturated magnetising reactance.
The problem now is, given machine parameter values, speed and X, = X,,,, to find the minimum capacitor value required for self-excitation and the frequency F that simultaneously satisfy eqns. 3 and 4.
To solve this problem the following method has been given in References 3 and 4:
(i) For certain speed, assume a value of the terminal capacitance C and solve eqns. 3 and 4 for X, and F. The initial value of C should be large enough to cause self- excitation, i.e. X, has a value which lies in the saturated region (ii) Gradually decrease the value of C in steps, and compute X, corresponding to each value of C. A plot of X, against C is thus derived (iii) Cmin is obtained from such a plot as the intersection of the X, against C curve and the line X, = X,,, 4 In this Section a direct method to find Cmin under a general RL load is developed. This new approach is different from the iterative discussed in Reference 4. This new approach is used later to find exact expressions for Cmin under no-load, inductive and resistive loads. Let X, = X, , , . Eqn. 3 can be rewritten as where all the coefficients Ai = ai, i = 1, 2, ..., 5 and Bi = bi, i = 1,2, . . . , 7 are evaluated at X, = X, , , .
Since we are looking for C [ = 1/(27& 2, X,)] that simultaneously satisfies eqns. 5 and 6, it follows that:
which can be simplified to This equation can also, after a tedious elaboration, be reduced to
where ai, i = 0, 1, . . . , 4 are positive constants, given in Appendix 8.2.
Let { F i , i < 4) be the set of positive real roots of eqn. 7, and let {Ci , i < 4) be the corresponding set of positive capacitor values (by substituting the roots of eqn. 7 in eqn. 5 or 6). Since all these values of C (at a given value of v and X,,,) are sufficient to guarantee self-excitation of the induction generator, it follows that the minimum capacitor value required is given by
If eqn. 7 has no real roots, then no excitation is possible. In fact, as will be shown later, there is a minimum speed value, below which eqn. 7 has no real roots. Correspondingly, no excitation is possible.
To summarise the result; given the machine parameters, X, , , and the speed v, solve eqn. 7 to find the p.u. frequency F which may have more than one value. For each value of F find the corresponding capacitor value, then take the minimum of these capacitor values. This value is Cmin. Consider the following example: Machine data The degree of eqn. 7 determines the number of capacitor values from which the minimum value is selected. In the above example, the polynomial is of degree 4. Therefore, four real roots are possible. These roots, if they exist, are positive. In fact, eqn. 7 can be rearranged as a 4 F 4 + a 2 F 2 + a 0 = a 3 F 3 + a , F (9) which can be viewed as the intersection of two polynomials, with the general shape as illustrated in Fig. 2 . These two curves, if they meet, intersect in the range F, < F < F,. In fact, as will be shown later, at no-load and inductive load, there are only two real roots.
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However, for the general R L case all numerical results considered indicate that only two real roots exist. This restricts the set to two capacitor values. An analytical solution of eqn. 7 exists and is available in the literature [6] . However, numerical techniques may be more convenient to use. The two curves of eqn. 9 do not necessarily intersect. In fact, the coefficients a i , i = 0, 1, . . . , 4 of eqn. 9, in addition to the machine parameters, are functions of the p.u. speed v and the load. Decreasing the speed results in a situation where the two polynomials of eqn. 9 do not intersect, resulting in four imaginary roots of eqn. 7. The value of this speed will be called the cutoff speed v, .
All roots of eqn. 7, if they exist, are positive and are bounded by v. If F were to be greater than v, then from Fig. 1 R,/(F -v) is strictly positive, and therefore no excitation is possible. To summarize; if v 2 v,, the roots of eqn. 7 are positive and bounded by v. This result implies that there are at most four capacitor values to select from, and the problem now is restricted to choosing the minimum of these values. In the special cases, no-load, inductive and resistive loads, it is possible, as discussed below, to show that X , is an increasing function of F (or C is a decreasing function of F). Therefore, choosing F,,, = max [ F , , i d 41 will result in the minimum capacitor value required for self-excitation of the induction generator.
Although all numerical results indicate that max [ F , , i < 41 yields the solution for the general R L case, tedious and lengthy derivations are involved; therefore, this case will not be considered here. To simplify the analysis which follows it is assumed that X I , = X l r : this assumption is normaly valid in induction-machine analysis [7] . Next the special cases of no-load, inductive and resistive loads are considered.
5
Special cases
No-load capacitance requirement
This case can be derived from the general case by letting X = 0 and taking the limit as R goes to infinity. In this case, eqns. 5,6 and 7 are reduced to 
Solving eqn. 16 gives
which gives approximate expression for the cutoff speed and where A similar approximation was used in Reference 4 based on some experimental observations. Both approximations, here and in Reference 4, are valid only if the condition of approximation is satisfied, i.e. the speed must be much greater than the cutoff speed.
Inductive load capacitance requirement
A closed formula for Cmin in this case is possible. This case can be derived from the general case by letting R = 0. In this case eqns. 5,6 and 7 can be rewritten as 11 (xlr + x s m x ) ) x (. + J(v2 -%))]-I
Resistive load capacitance requirement
This case can be derived from general case by letting X = 0. In doing so eqns. 5 and 6 are reduced to The pole-zero diagram for both eqns. 22 and 23 is shown in Fig. 5 , where the following order is preserved: The signs of X , are indicated on the figure.
The only region where both functions (eqns. 22 and 23) have the same sign, and therefore give a possible solution is Z , < F < P, i.e. the set of solutions of eqn. 7 lies in
In this range X , (eqn. 23) is an increasing function of F. In fact
Therefore where F,,, is the maximum of the real roots of eqn. 7 evaluated at X = 0.
Conclusions
This paper introduced a new simple and direct method of obtaining the minimum capacitor value required for selfexcitation of the induction generator under the RL load. These values can be used to predict theoretically the minimum values of the terminal capacitance required for self-excitation. Of course, for stable operation of the machine C must be chosen slightly greater than Cmin. Exact expressions for the capacitor values under no-load, inductive and resistive loads and the corresponding output frequencies are also derived.
The theoretical results of no-load derived here show a good agreement with the experimental measurements that have been carried out previously in Reference 4. The results also show that the machine will operate only if the speed is greater than a threshold called the cutoff speed. Exact expressions under no-load and inductive load are given. This concept gives theoretical limits to the lowest speed at which the induction generator can be driven. + vR, RZP(P -Q ) > 0 =z A5 B6 + A4B7 = RR,(R + R,)(v2 P2 + R,') 2 0
